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Non-Markovian corrections to the Markovian quantum master equation of an open quantum
system are investigated up to the second order of the interaction between the system of interest
and a thermal reservoir. The concept of “natural correlation” is discussed. When the system is
naturally correlated with a thermal reservoir, the time evolution of the reduced density matrix looks
Markovian even in a short-time regime. If the total system was initially in an “unnatural” state,
the natural correlation is established during the time evolution, and after that the time evolution
becomes Markovian in a long-time regime. It is also shown that for a certain set of reduced density
matrices, the naturally correlated state does not exist. If the initial reduced density matrix has no
naturally correlated state, the time evolution is inevitably non-Markovian in a short-time regime.
The time evolution of the reduced density matrix ρS(t)
of the system of interest in contact with a large ther-
mal reservoir is described by the quantum master equa-
tion [1–3]. When the coupling constant λ between the
system and the reservoir is very small, the time scale of
the relaxation is well separated from the time scale of
the microscopic motion of the system and that of the
reservoir, and hence the Markov approximation is justi-
fied. Indeed, the Markovian quantum master equation
is rigorously derived in the van Hove limit, λ → 0 with
λ2t fixed [4]. However, in some real situations, such as
atoms in photonic band gap media [5–8] and an optical
cavity coupled to a structured reservoir [9], the deviation
from the van Hove limit is important and the non-Markov
effect is not negligible.
In this paper, the non-Markovian corrections are inves-
tigated up to the order of λ2. The key concept discussed
in this work is the natural correlation between the sys-
tem of interest and the thermal reservoir. The following
properties are to be clarified. When the total system
starts from a naturally correlated state, the time evolu-
tion of the system of interest obeys the Markovian quan-
tum master equation even if there is deviation from the
van Hove limit. On the other hand, if the initial state is
not a naturally correlated state, the time evolution must
be non-Markovian in short times t . τR, where τR is a
characteristic time of the motion of the thermal reservoir.
Even in this case, after a sufficiently long time t≫ τR, the
time evolution approximately becomes Markovian since
the natural correlation is established during the time evo-
lution.
The further observation of this work is that there is
a set U of reduced density matrices such that for any
ρS ∈ U , the naturally correlated state does not exist.
Therefore, if some ρS ∈ U is chosen as an initial state
of the system of interest, the time evolution is inevitably
non-Markovian in the short time regime t . τR. After
some time t, ρS(t) will get out of U and the natural cor-
relation will develop there.
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Now the setup is explained. The Hamiltonian of the
total system is given by HT = HS+HR+λHI, where HS
is the Hamiltonian of the system of interest, HR is the
Hamiltonian of the thermal reservoir, and HI is the inter-
action Hamiltonian. The coupling constant λ is relatively
small but not vanishingly small, and hence we consider
the non-Markovian corrections up to O(λ2). The density
matrix of a whole system is denoted by ρT(t) and the re-
duced density matrix is then given by ρS(t) = TrRρT(t).
The initial state of the reservoir is assumed to be close
to an equilibrium state ρeqR = e
−βHR/TrRe
−βHR where
β > 0 is the inverse temperature of the reservoir. At
an initial time t0, it is assumed that limλ→0 ρT(t0) =
ρS(t0)ρ
eq
R . Without loss of generality, it is assumed that
TrRHIρ
eq
R = 0. By applying the standard Nakajima-
Zwanzig projection operator method [3, 10, 11], the time
evolution of ρS(t) for t ≥ t0 is given by
ρ˙S(t) =− iLSρS(t)− λ
2
∫ t
t0
dt′TrRe
−(t−t′)QiLTQLIρ
eq
R ρS(t
′)
− iλTrRLIe
−(t−t0)QiLTQρT(t0), (1)
which is formally exact. Here the projection operators
P and Q = 1 − P are defined as P := ρeqR TrR. The
Liouvillian LX (X =T, S, R, I) is defined as LX(·) :=
[HX , (·)]. Up to O(λ2), the second term of the right-hand
side of Eq. (1) is simplified as −Λ0ρS(t)+Λt−t0ρS(t) with
Λt := λ
2
∫ ∞
t
dt′TrRLILI(−t
′), (2)
where LI(t)(·) = [HI(t), (·)] in the interaction picture,
HI(t) = e
it(HS+HR)HIe
−it(HS+HR). If the terms up
to O(λ2) of the last term of Eq. (1) are denoted by
It−t0ρT(t0), we have
ρ˙S(t) = −(iLS+Λ0)ρS(t)+Λt−t0ρS(t)+It−t0ρT(t0). (3)
In the Markov approximation, we take the limit of t0 →
−∞. As a result, the following Markovian quantum mas-
ter equation (the Redfield equation [12]) is obtained:
ρ˙
(M)
S (t) = −(iLS + Λ0)ρ
(M)
S (t). (4)
2In this paper we call Λt−t0ρS(t) and It−t0ρT(t0) in Eq. (3)
non-Markovian contributions. In particular, the former
is referred to as the “non-Markovian relaxation term”
and the latter is referred to as the “initial correlation
term”. These terms are negligible in the van Hove limit,
but here we consider finite corrections up to O(λ2). It
is noted that the initial correlation is often omitted by
considering a product initial state, but here we do not
make such an assumption.
Up to O(λ2), we can evaluate the non-Markovian con-
tributions by the perturbation theory. The result is
ρS(t) = e
−(t−t0)(iLS+Λ0){ρS(t0) + δρ1[t− t0; ρS(t0)]
+δρ2[t− t0; ρT(t0)]}, (5)
where
δρ1[t; ρS] :=
∫ t
0
dt′eiLSt
′
Λt′e
−iLSt
′
ρS
=λ2
∫ t
0
dt′
∫ ∞
0
dt′′TrRLI(t
′)LI(−t
′′)ρeqR ρS, (6)
δρ2[t; ρT] :=
∫ t
0
dt′eiLSt
′
It′ρT. (7)
The non-Markovian corrections are expressed by δρ1[t−
t0; ρS(t0)] and δρ2[t − t0; ρT(t0)]. Here let us write the
interaction Hamiltonian as HI =
∑
iXiYi, where Xi
and Yi are operators acting on the Hilbert space of
the system of interest and the reservoir, respectively.
We define the correlation functions of the reservoir as
Cij(t) := TrRρ
eq
R Yi(t)Yj(0) and the characteristic de-
cay time of {Cij(t)} is denoted by τR. Each correction,
δρ1[t−t0; ρS(t0)] and δρ2[t−t0; ρT(t0)], then converges to
some constant matrix for t − t0 ≫ τR. Therefore, when
t − t0 ≫ τR, the non-Markovian contribution is taken
into account as a slippage of the initial condition of the
Markovian quantum master equation,
ρ
(M)
S (t0) = ρS(t0) + δρ1[∞; ρS(t0)] + δρ2[∞; ρT(t0)]. (8)
Sua´rez, Silbey, and Oppenheim [13] originally pointed
out that an initial condition of the Markovian quan-
tum master equation slips due to the non-Markovian ef-
fect. Gaspard and Nagaoka [14] analyzed this slippage of
the initial condition and derived the same expression of
δρ1[∞; ρS(t0)], but they did not consider the contribution
from the initial correlation, δρ2. As for calculations of
equilibrium fluctuations, van Kampen took into account
the effect of the initial correlation [15, 16]. In the present
work, we shall show that a new insight can be obtained
if both the non-Markovian relaxation term and the initial
correlation term are treated in a unified way for general
initial conditions (not restricted to equilibrium states or
product states).
Let us consider a time t1 with t1−t0 ≫ τR. In this case,
δρi[t−t0; ·] ≃ δρi[∞; ·] (i = 1, 2) and ρS(t) approximately
obeys the Markovian quantum master equation (4) for
t ≥ t1. Now let us choose t1 as a new initial time.
Then ρS(t) = e
−(t−t1){iLS+Λ0)(ρS(t1)+δρ1[t−t1; ρS(t1)]+
δρ2[t− t1; ρT(t1)]} for t ≥ t1. On the other hand, as was
explained above, ρS(t) should obey the Markovian quan-
tum master equation for t > t1 if we regard t0 as an
initial time. Since the time evolution of ρS(t) should be
independent of our choice of an initial time, the above ob-
servation yields that δρ1[t− t1; ρS(t1)]+δρ2[t− t1; ρT(t1)]
is very small for t > t1.
In general, δρ1[t− t1; ρS(t1)] + δρ2[t− t1; ρT(t1)] is not
exactly equal to zero as long as t1− t0 is finite. However,
if
δρ1[t− t1; ρS(t1)]+ δρ2[t− t1; ρT(t1)] = 0 for any t ≥ t1
(9)
is satisfied, the time evolution of the system of interest
is Markovian for t ≥ t1 exactly up to O(λ2).
When ρT satisfies Eq. (9), we say that the system
is naturally correlated with a thermal reservoir. More
precisely, for a given ρS, we define the naturally cor-
related state ρ
(N)
T as a matrix satisfying (i) ρ
(N)
T ≥ 0,
(ii) TrRρ
(N)
T = ρS, (iii) limλ→0Qρ
(N)
T = 0, and (iv)
δρ1[t; ρS] + δρ2[t; ρ
(N)
T ] = 0 for any t ≥ 0. The state
ρ
(N)
T satisfying the above conditions is a special one, but
this special correlation is automatically generated during
the time evolution even if we do not prepare a naturally
correlated initial state. In this sense, ρ
(N)
T is “natural”.
For example, if the initial state is given by a product
state ρT = ρSρ
eq
R , Eq. (9) does not hold unless δρ1[t; ρS] =
0 for all t > 0, which is generally not the case. In this
sense, for a given ρS, the product form ρT = ρSρ
eq
R is
“unnatural”. A trivial example of naturally correlated
states is an equilibrium state of the total system, ρeqT =
e−βHT/TrSRe
−βHT . We can show δρ1 + δρ2 = 0 for ρ
eq
T ;
see also Ref. [17]. It is stressed that it is highly nontrivial
whether nonequilibrium naturally correlated states exist.
The condition (iv) is required for all t > 0 and that is a
very strong condition.
In this paper, as for the naturally correlated states,
the following two results are obtained. The first result is
that for any fixed ρS, the conditions (ii), (iii), and (iv)
are satisfied if and only if
ρ
(N)
T = ρSρ
eq
R + iλ
∫ ∞
0
dtLI(−t)ρSρ
eq
R + λD. (10)
This result is obtained by Eqs. (6) and (7). Here, D is
an operator satisfying TrRD = 0 and TrRLI(t)D = 0 for
all t [20]. If Eq. (10) satisfies condition (i), it gives an
explicit expression of the naturally correlated state for a
given ρS. Because ρ
(N)
T ≥ 0 for λ→ 0, it is expected that
ρ
(N)
T ≥ 0 at least for small values of λ. The second result,
however, insists that for any fixed λ 6= 0, there is a set U
such that ρ
(N)
T given by Eq. (10) does not satisfy condition
(i) for any ρS ∈ U ; there is no naturally correlated state
for ρS ∈ U . Therefore, if the initial state of the system of
interest is chosen from U , the time evolution is inevitably
non-Markovian in a short-time regime t . τR. After a
3sufficiently long time t≫ τR, ρS(t) will get out of U and
the density matrix of the total system will approach a
naturally correlated state.
According to the Pechukas theorem [18], a linear as-
signment of ρS → ρT ≥ 0 for all ρS ≥ 0 is impossible
except for the product assignment ρS → ρSρR. If only
D = 0 were allowed, Eq. (10) would give a linear assign-
ment, and hence this assignment would not work for all
ρS; U is not empty. In general, however, D 6= 0 is al-
lowed. In that case, D may depend on ρS nonlinearly,
and the Pechukas theorem does not ensure that U is not
empty. Our second result shows that U is not empty even
in that case.
So far we have assumed that a characteristic correla-
tion time τR exists. However, it is remarked that even if
{Cij(t)} decays algebraically and thus there is no char-
acteristic time τR, the above results are valid as long as
δρ1[t; ρS] has the limit of t → ∞. If this limit does not
exist, the non-Markovian effect cannot be treated pertur-
batively. This point will be explained later.
Although we have defined the set U , it is hard to judge
whether a given ρS is in U . Therefore, we explicitly con-
struct a subset U ′ ⊂ U , which is much easier to calculate
numerically. The argument relies on the variational con-
sideration. If ρ
(N)
T is positive semidefinite, 〈Ψ|ρ
(N)
T |Ψ〉 ≥ 0
for any state vector |Ψ〉. Here we restrict state vectors
into the following set of trial state vectors {|Ψα〉}α:
|Ψα〉 = |φ
(S)
0 〉|ψ
(R)
α 〉 − iλξ
∫ t
0
dt′HI(t
′)|φ
(S)
0 〉|ψ
(R)
α 〉, (11)
where ξ ∈ R, t ≥ 0, |φ
(S)
0 〉 is the eigenvector of ρS with
the smallest eigenvalue p0, and |ψ
(R)
α 〉 is an energy eigen-
state of the reservoir, HR|ψ
(R)
α 〉 = Eα|ψ
(R)
α 〉. For ξ = 1,
the above form of |Ψα〉 corresponds to the time-evolved
quantum state obtained by the first order perturbation
theory in the interaction picture starting from a product
initial state. Because the natural correlation is estab-
lished during the time evolution of the total system, this
choice of trial state vectors seems to be natural. Here ξ
and t play the role of variational parameters.
Here we consider the quantity
∑
α〈Ψα|ρ
(N)
T |Ψα〉, which
is independent of D. Substituting Eq. (10), we obtain
∑
α
〈Ψα|ρ
(N)
T |Ψα〉 = p0 + λ
2[ξ2A(t)− ξB(t)], (12)
where
A(t) :=
∫ t
0
dt′
∫ t
0
dt′′〈φ
(S)
0 |TrRHI(t
′)ρSρ
eq
RHI(t
′′)|φ
(S)
0 〉,
(13)
which is non-negative A(t) ≥ 0 for t ≥ 0, and
λ2B(t) := 〈φ
(S)
0 |δρ1[t; ρS]|φ
(S)
0 〉. (14)
Since ξ ∈ R and t ≥ 0 are arbitrary, we choose them so
that
∑
α〈Ψα|ρ
(N)
T |Ψα〉 becomes minimum. Putting ξ =
FIG. 1: (Color online) The regions of U ′ (dotted region) and
N (shaded region). Up to O(λ2), N ⊂ U ′. All the physical
states are in the unit circle (solid line).
B(t)/2A(t) and minimizing with respect to t > 0, we
have
∑
α
〈Ψα|ρ
(N)
T |Ψα〉 = p0 − λ
2 sup
t>0
B(t)2
4A(t)
, (15)
which is strictly lower than p0. If the right-hand side of
Eq. (15) is negative, it contradicts the non-negativity of
ρ
(N)
T . Hence, we define U
′ as
U ′ :=
{
ρS : p0 − λ
2 sup
t>0
B(t)2
4A(t)
< 0
}
. (16)
Clearly U ′ ⊂ U and it is not an empty set. When the
system of interest is in a pure state, p0 = 0 and thus the
right-hand side of Eq. (15) is negative. That is, all the
pure states do not have their naturally correlated states.
It is because the density matrix of the total system must
be a product state ρSρR in this case and there is no room
for building up any correlation between the system of
interest and the thermal reservoir.
As a demonstration, let us consider the spin-boson
model, in which a two level system is in contact with
an infinitely large boson bath. The Hamiltonian is given
by
HS = εS
z, HR =
∑
r
ωrb
†
rbr, HI = X1Y1 (17)
withX1 = S
x and Y1 =
∑
r νr(b
†
r+br). Here br and b
†
r are
the annihilation and the creation operators of the boson,
[br, b
†
r′ ] = δr,r′ and [br, br′ ] = [b
†
r, b
†
r′ ] = 0. The vector
S denotes the spin-1/2 operator. The spectral density
of the boson bath is assumed to be the ohmic one with
the Lorentz-Drude cutoff [1], J(ω) :=
∑
r ν
2
r δ(ωr − ω) =
ωΩ2/(ω2 + Ω2), for which we can numerically evaluate
A(t), B(t), and also the right-hand side of Eq. (15). The
4reduced density matrix is parametrized by x, y, and z
with
√
x2 + y2 + z2 ≤ 1 so that ρS = (1/2)Iˆ + xSx +
ySy + zSz, where Iˆ is the identity matrix. In this Bloch-
sphere representation, p0 = (1−
√
x2 + y2 + z2)/2.
The region of U ′ is shown for z = 0 on the xy-plane
in Fig. 1. In this figure, the parameters are set to ε =
Ω = β = 1 and λ = 0.5. This parameter choice is just
for demonstration of the result. The domain of U ′ is
not so large; the length of this domain from the surface
of the Bloch sphere is proportional to λ2. Although we
cannot obtain the region of U explicitly, we expect that
this U ′ gives a good approximation of U . Figure 1 implies
that naturally correlated states exist for a large part of
physically allowed reduced density matrices {ρS}.
It is a well known problem that the Markovian quan-
tum master equation (4) sometimes violates the non-
negativity of the reduced density matrix. It depends on
the initial state ρS whether or not the non-negativity is
violated during the Markovian time evolution. In Fig. 1,
we also show the domainN of initial states {ρS} for which
the non-negativity of {ρ
(M)
S (t)}t≥0 with ρ
(M)
S (0) = ρS is
violated. We numerically find N ⊂ U ′ up to O(λ2); all
the initial conditions for which the non-negativity is vi-
olated during the Markovian time evolution do not have
their naturally correlated states [21]. The violation of
non-negativity is due to the improper choice of an ini-
tial state of the Markovian equation. This statement
was already indicated by the previous work [13] and the
present study gives a theoretical ground for this state-
ment. Moreover, the fact that U ′ is larger than N means
that we should take special care to use the Markovian
quantum master equation even if the Markovian time
evolution does not violate the non-negativity and there-
fore it looks physical. The general criterion for making
use of the Markovian master equation is whether ρS(0)
is in U or not. For ρS ∈ U , the time evolution cannot be
Markovian in a short-time regime. Therefore, an initial
state of the Markovian quantum master equation must
be chosen from the outside of U .
As was mentioned just before presenting the main re-
sults, our perturbative treatment of the non-Markovian
effect is invalid for the case where δρ1[t; ρS] does not
have the limit of t → ∞. This limitation excludes the
case where an ohmic or sub-ohmic Bson bath [2], i.e.
J(ω) ∼ ωs with s ≤ 1 at low frequencies, is at zero
temperature and, moreover, {Xi} have non-zero diago-
nal elements in the basis diagonalizing HS. In the spin-
boson model calculated above, X1 = S
x and it does not
have diagonal elements in the basis diagonalizing Sz, and
hence we can safely treat the non-Markovian effect per-
turbatively. However, if we consider another coupling
with X2 = S
z, the perturbative treatment of the non-
Markovian effect becomes invalid for an ohmic or sub-
ohmic reservoir at zero temperature. In that case, very
long time correlations of the boson bath, which originate
from the singularity around ω = 0, cause the breakdown
of the perturbative treatment of the non-Markovian ef-
fect.
Even if the perturbation analysis works well, of course,
there are very small Markovian and non-Markovian ef-
fects coming from higher-order terms than λ2. Higher-
order terms might become important for very long times.
For instance, the terms of O(λ4) may change the sta-
tionary state in O(λ2) [17, 19]. However, they do not
play important roles for the transient relaxation dynam-
ics, which is the major interest of this work.
In conclusion, it has been argued that there are special
states called the “naturally correlated states” by the eval-
uation of the non-Markovian contributions up to O(λ2),
and moreover it has been shown that there is no nat-
urally correlated state for some reduced density matri-
ces ρS ∈ U . If the system is in a naturally correlated
state, the time evolution is Markovian up to O(λ2) re-
gardless of the deviation from the van Hove limit. On
the other hand, if the system is not in a naturally cor-
related state, the later time evolution is non-Markovian
until the natural correlation develops for ρS(t) being out-
side of U . The subset U ′ of U is given by Eq. (16), which
allows explicit numerical computation. The domain of
U ′ is demonstrated for the spin-boson model. As a re-
sult, it is numerically shown that the domain of U ′ is
wider than that of N , in which the Markovian time evo-
lution violates the non-negativity of the density matrix.
It confirms the previous qualitative argument given in
Ref. [13] on the violation of non-negativity due to the
neglected non-Markovian effect in the short-time regime.
It is made clear that the underlying reason why the non-
Markovian effect is important for some initial conditions
is the impossibility of developing the natural correlation
between the system and the thermal reservoir at short
times.
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